Introduction.
Dirichletf proved by the method of §2 the following two theorems: Without giving any details, he stated that like considerations applied to the representation of multiples of 3 by B. But the latter problem is much more difficult and no treatment has since been published ; it is solved below by two methods.
Ramanujanf readily found all sets of positive integers a, b y Consider the ternary form lacking the term ary :
(1) <t> = ax 2 + 6^2 + es; 2 + 2ryz + 2s#3.
Its Hessian H is aA -6s 2 , where A = &c -r 2 . Take iJ=9, 5 -1, A = 24*, t = 6k + l. Then 6 = 3)8, /3 = 8a*-3. If a is not divisible by 3, j8 = 48a^+8a -3 is a linear function of k with relatively prime coefficients and hence represents an infinitude of primes. 
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Hence w 2^ -A(mod /3) is solvable. We can choose a multiple r of 3 such that r=te/(mod j3). Then (A+r*)/& is an integer c. Since 0 represents 6 ==7 (mod 8), it is equivalent to no one of g t h f I and hence is equivalent to ƒ. Thus ƒ represents every a -3n+l.
THEOREM IV. ^8+3^2+3s 2 represents exclusively all positive integers not of the form 9 k (3n+2)>
This theory for B made use of forms of the larger Hessian 9. We shall next show how to deduce a theory making use only of forms having the same Hessian 3 as B.
A New Theory for B.
We proved that ƒ is equivalent to a form (1) having a = 3w+l, 6 -3/3, r -3p, s -1, where /3 = 8aJ-3 is a prime. In 9=H-a(bc -r 2 ) -3/3, replace/3 by its value. Thence c = (8*+3p
2 )//3ssl(mod 3), c = l+3y. In (1) replace x by X-z. We get
and hence to B. In 3^, replace a by a, /3 by &, p by r. We conclude that (1) is equivalent to J5 if
We shall now give a direct proof that there exists a form (1) of Hessian 3 which satisfies conditions (3) and is equivalent to B. In H=3y replace a and 5 by their values in (3). We get
Replace the first term b by its value in (3), and cancel a. We get
This congruence is solvable by (2) where X = x+Z. Since ilf is congruent to a sum of three squares modulo 4, it is congruent to 3 if and only if each square is odd, and then M =7(mod 8). If J is even, x = y+2t, J=2N, N=(y+t) 2 +t 2 +5z 2^3 (mod 8). We now apply the method of §2 to prove that G represents every positive integer prime to 10. Take A = 16k, k = 10l±3. Then & = 2j8, where /3 = 8&a -5 represents infinitely many primes. Now
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Since (1) represents 6, which is of the form 2(8^+3), it is not equivalent to / or K. Since it represents the odd a, it is not *£=x 2 + (:y+2) 2 K:y-2) 2^4 H8tt+7) by Theorem I. t If F is even, x is even and F is the double of a form D.
equivalent to L. Hence (1) is equivalent to G, which therefore represents a. If G represents a multiple of 5, it is the product of 5 by g = 5X 2 +10Y 2 +z 2 , whence G represents no 5(5^ + 2). Also, g is divisible by 5 only when z is. Thus G is divisible by 25 only when it is a product of 25 by a form like G.
To prove* that G represents every 5a if a = 5n±l is odd, employ (1) with a = 5ce, & = 2/3, /3 = 8a/ -5, r = 2p, 5 = 1+0:. The Hessian of (1) is 10 if 0 + 5 + 10c*p 2 -a(3P = 0, P = 5c ± 2 -a.
Take t prime to 10 and replace the first /3 by its value. Thus 8*+10p 2 -j3P = 0, P= ± l(mod 5). Hence P yields an integral value for c. Also, * Or we may use the method of §2. Of the ten properly primitive reduced forms of Hessian 50, all except g fail to represent numbers = 14(mod 16). To prove that g represents a = 5w±l when odd, take A = 80£, whence ô = 10/3, j3 = 8a£ -5; apply (5). From this proof was reconstructed the shorter one in the text.
We saw that 2T = G represents no 5(5m±2). Thus T represents no 5(5n±\).
To prove that T represents every 5a, where a = 5n±2, employ (1) with a = 5a, s = l±2a.
Its Hessian is 5 if
Replace the first term b by 8/OJ -5, where / is prime to 10. To prove that E represents every positive odd integer a, take A = 9&, & = 8/+3. Then & = 3j8, wherej8 represents primes. Also (-A/j8) = 1. The resulting form (1) represents the odd a and hence is not equivalent to R. Since it represents 6 = 3(3w+l), it is not equivalent to Q. For, if Q is divisible by 3, both x and ;yare. If E is even, then x = z+2t and E = 2U, U=y 2 +2z 2 +2zt+2t 2 and conversely. In place of U we employ the like form x of §3. To show that x represents a = 2a when a is odd, take A = 9&, k -4t+l.
Then & = aA -3 = 6(mod 9) is not represented by the remaining reduced form B of Hessian 3 (Theorem III). Also & = 3i8, (-A/j8)*+l.
